Int. J. Heat Mass Transfer.
Printed in Great Britain

Vol. 25, No. 7, pp. 10231030, 1982

0017-9310/82/071023-08 $03.00/0
© 1982 Pergamon Press Ltd.

HEAT AND MASS TRANSFER TO A TRANSLATING
DROP IN AN ELECTRIC FIELD

Loto S. CHANG, THOMAS E. CARLESON and JouN C. BERG*
Department of Chemical Engineering BF-10, University of Washington, Seattle, WA 98195, U.S.A.

(Received 26 October 1981 and in final form 9 December 1981)

Abstract—The transient and quasi-steady heat and mass exchange between a translating drop and its
surroundings in a uniform electric field is investigated for the case of low Reynolds and high Peclet numbers.
The energy or diffusion equation for the case of thin thermal or diffusion boundary layers is solved by
similarity transformation and numerical schemes, and results for the rate of heat or mass transfer are
obtained. A parameter W, which characterizes the relative importance of electrical and gravitational effects,
emerges. It is found that only when the absolute value of W is larger than unity is the rate of transport
enhanced by the imposed electric field. The relationship between the flow patterns and the rate of transport is

discussed.
NOMENCLATURE L, similarity variable defined in equation (22);

C, solute concentration ; , similarity variable defined in equation (21);
c, constant in equation (26); 6, polar angle as in Fig. 1(a);
D, mass diffusivity ; K, thermal diffusivity ;
E,, uniform electric field strength ; s viscosity ;
f function defined in equation (21); ¢ dimensionless form of y:
g. gravitational constant ; & = YR & = (y/RNKky/x))'* or
1, integral defined in equation (38); (Y/R(D/D;)";
I, integral defined in equation (40); ps density;
K, distribution coefficient ; a, electrical resistivity ;
K, = (k,/k,)(x,/x;)'? for heat transfer and T, dimensionless time;

(D,/D,)'? for mass transfer; K,t/R* or D t/R?;
k, thermal conductivity; Tip stresses;
Nu, Nusselt number; ¥, stream function; '
Pe, Peclet number ; 2| U|R/k, for heat transfer v, dimensionless stream function.

and 2|U|R/D, for mass transfer; .
Pe', Pe/4(1 + X); Subscripts
0, total rate of heat transfer; 1, continuous phase;
4, local heat flux; 2, drop phase;
R, drop radius; E, electric field;
r radial coordinate; ss, steady state.
T, temperature;
t, time;
U, terminal velocity of the drop;
U, radial vglocity; . INTRODUCTION
ll‘,"’ :::fie;::i :;clec;(ciltg);;lerate d by electric field ; THE CIRCULATION developed within a drop moving
W, dimensionless parameter defined in equa: und{:r the inﬂuen.ce of gravity through a viscousf

tion (4): medium, ﬁrst.desc.rlbed by Hadamard and Rybczynski
X, viscosity ratio; /i, ; gnd s.hown in Fig. 1.(3)’ has l.aceln shown by later
" distance from ’interf a;c,e' investigators [ 1-3] to increase significantly the rate of
Z dimensionless temper;ture or concen- heat or mass exchange between the drop and its

tration; (T — T, ./To—T,)
(Cl - Coo/CO - Kcoo) or
(CZ - KCGU/CO - KCoo)

Greek symbols
g, permittivity ;

* To whom correspondence should be addressed.

surroundings. Taylor [4], on the other hand, con-
sidered a stationary drop of a leaky dielectric fluid in
another such fluid in the presence of a uniform electric
field. The interaction of the electric field with the
charge which accumulates at the interface produces a
tangential stress distribution leading to a different type
of circulation, shown in Fig. 1(b). Circulation could be
either from the equator toward the poles (for
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D

FiG. 1. Flow patterns and co-ordinate system. (a) Hadamard-Rybczynski flow pattern showing spherical
coordinates used in the analysis, (b) Taylor flow pattern for a stationary drop in a uniform electric field.

£,01 > &0,)or from the poles toward the equator (for
€,01 < £,0,). Morrison [5] and Griffiths and Mor-
rison [6] later computed the extent to which the
Taylor circulation enhanced heat or mass exchange
and speculated that the use of electric fields might thus
show promise of yielding more compact exchangers.
Experimental results of Thornton [7, 8] and Bailes and
Thornton [9] for electrified liquid extraction units
appear to corroborate such speculation. An analysis
fully relevant to Thornton’s experiments, or indeed to
any electrified liquid extraction or direct contact heat
exchange unit in practice, however, must describe the
hybrid circulation resulting from both the electric field
and gravitational settling, The present work seeks to
provide such a description, to determine the conditions
under which one type of circulation may dominate
over the other, and finally to reassess the promise of
heat and mass exchange enhancement through the use
of electric fields. Unsteady and quasi-steady transfer
rates are obtained for the case of low Reynolds number
(creeping flow) and high Peclet number (thin boun-
dary layer) using a similarity transform method de-
veloped by Chao [2] and employed by Morrison [5].
The fluids are assumed Newtonian with constant
properties, and the drop is assumed to remain spheri-
cal under all conditions.

ANALYSIS

Flow patterns
Steady creeping flow in both the outside phase
(phase 1) and inside phase (phase 2) are described by

0% sin8d/ 1 O\P )
[5? + T%(&ﬁ‘ébﬁ)} =0, i=12(1)
with boundary conditions
¥, — 5|U|rsin? 6, asr— «
Y1 =y, =0,

U, atr =R

atr =R

| = Uy

U, uy, # 0, atr=20

Ty + Ty, —Tu, =0, atr=R

Ty, + T, — T, = cConstant, atr= R
The last two conditions are for continuity of tangential
and normal stresses respectively, and include the

electrical stresses 1,o_and 7,,.. Integration of equation
(1) leads to

12 324+Xr 1 X
= |UR? (25 232 = sin? 6
Vi =1ul <2R2 41+XR+41+Xr>sm
RZ
+VR2<—2—1>sin26cos0 )
r
and
1 o
= RZ—_____ '20
V2 =|U| 4(1+X)(R“ RZ)S‘“
VR [ 2T i cosh ()
R R
where
9EZ Re, (1 - 8‘”‘)
V- ;04

o\ ’
10(2 + 2 1 + X)
P
_ 29R%p,—p )1 +X)
3u,(243X)

V is the maximum surface velocity generated by the
electric field and in the absence of circulation due to
gravity, occurs at 8 = n/4. U is the terminal velocity of
the drop falling in a medium of infinite extent in the
absence of an electric field. Because the flow induced
by the electric field contributes no net force to the drop,
the terminal velocity of the drop remains the same as
that of a drop falling by gravity alone. The absolute
sign for U is used to accommodate either a rising or
falling drop. Defining
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4Vl + X)

V=T

27, (1 - ﬁ) Q+3%)
—_ €20, ._€9 (4)

S|y ~ plig(z + J) (1 +X)
gy

and non-dimensionalizing the stream functions by
dividing them by |U|R?/4(1 + X), we obtain

¥, = {2+2X)f2— 2+3x"5 + x®|snzo
1= R RYXTIS

R2
+ W(;T - l)sin2 fcosh (5)

and
4 2 3 5

¥, = (% - é—z-)smz g+ W(;3 — %)sinzécos 8.

6)

The first terms on the right-hand side of equations (5)
and (6) are the expressions for the Hadamard-
Rybcezynski flow fields. The last terms of equations (5)
and (6) represent the internal and external circulation
caused by the electric effect. W is a dimensionless
parameter that characterizes the relative importance of
the electric field and the translation of the drop due to
gravity. Figure 2 illustrates the dependence of the flow
pattern on W. A positive W means the electrically-
induced surface flow is from pole to equator, while for
negative W it is reversed. As |W| increases from 0,
corresponding to no electric field, the inception of the
double torus flow occurs at | W| = 1.0, and for values of
| W |larger than 10 the inside flows differ little from the
case of no translational motion. Extraction of the
velocity components from the stream functions for
small values of y = r — R and neglecting terms of
higher order in y/R leads to

-y = 2 2y |U] ¥
u,, = u,, = 2V (sin®0-2cos 6)R+1+Xcose
N
and
Uy = tly, =2V sinBcos & — L sin 6. (8)
b e 2(1+X)

We may note that 8 = cos™'(1/W) locates the
stagnation line on the interface.

Boundary layer equations

We now consider a drop moving in both gravi-
tational and electric fields with a fully-developed flow
pattern as described above. Initially both phases are at
a uniform and constant temperature T,. We seek to
describe the transient response of the systemifat s = 0
the temperature of the continuous phase is changed to
T . and remains constant thereafter.

An order-of-magnitude analysis leads to the follow-
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ing form of the energy equation for the assumption of a
thin thermal boundary layer on each side of the drop
interface

u,,, oT;

LY _
ot | gy 29

This approximation greatly simplifies the energy equa-
tion and is valid as long as the Peclet number is large,
ie. |y|/R ~ 1//Pe, except near the stagnation points,
at§ = 0, m, and cos ™! (1/W). It thus suffers the same
limitations as the earlier analyses of Chao [2] and
Morrison [5].

Combining equation (9) with equations (7) and (8),
we obtain

2T,

,‘FF i=l,2.

®)

oT; 2 |U| yorT;
i [W(sin? §—2cos?6) + 20050]2(1+X)R 3
. . Ul 1ar,
Wsin8 - ____{ it
+ (WsinBcos 8 szn8)2{1+X)R %
62’1" )
62’ i=1,2 (10)
The initial and boundary conditions are
Ty, 0,00=T_, T,»0,0=T (11)
Tio0,8,8)=T,, Ty—ox,8,1)=T, {12)
T,0,8,1)=T,086,1 13)
6'1‘
1(09 )_kz—a—(oez) (14)

together with symmetry conditions at § = 0 and =. Itis
the second of equations (12) which appears to restrict
the analysis to relatively short times. The + oo in these
equations refers to conditions well removed from the
interface, compared with the boundary layer thickness,
but still to values of |y| « R.

For the analogous problem of mass transfer, one
need only replace T by C, etc. The continuity of
temperature at the interface, equation (13), is replaced
by

KC,(0,8, 1) = C,(0, 6, 1). (15)

Non-dimensionalization of the equations and boun-
dary conditions yields

Z
%— + Pe'[W(sin? @ — 2cos® §) + 2cos 0] f, 3%
2
+ Pe'(W sinfcos @ — sm@) Z %E—Zi:’
i=1,2 {16
with
21(519 6) 0) = 0’ 22(629 6’ 0) = 1 (17)
Z(0,0,71)=0, Z)(=x,6,1)=1 (18)
KZ,(0,0,7) = Z,(0,0, 1)

(K = 1 for heat transfer} (19)
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and

oz
KI?E_(O’ 9, T) = 5._

2
3%, g, *00
Since equation (16) is parabolic and there is no
reference time or length scale, we may introduce a
similarity transformation following Chao [2]. We put

(20)

Z,=Zmn,0), i=12
where
n: = &:.f(6) 2
and
=100, (22)
Equation (16) is thus transformed into
|48 R N A
[ar + Pe’' (W sin @ cos 8 — sin 6)5(;]6—C
+ Pe’ [W(sin2 6 —2cos?0)+2cos 0
1df . . 0z,
+ 7d0 {(Wsinfcos 8 — sin 6)] ""517
0%z,
=f2—, i=12 23
frag @3

The functions f and ({ are to be chosen such that
W(sin? 6 — 2 cos® 6) + 2 cos 8

14
1 do

sinf (Wcosf — 1) (24)
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and
waE+Pe’sir16(WcosG—1)6—C=f2. (25)
ot o6
Equation (24) gives
f =csin?8(Wcosh — 1) (26)

in which ¢ can be chosen arbitrarily. For simplicity we
may choose ¢ = Pe’ and substitute equation (26) into
(25). The resulting first-order linear partial differential
equation is

~v

g—f + Pe’sin 6 (W cos 0 — 1)%

= Pe'sin® 6 (Wcosf — 1)2 (27)
with

£, 0) = 0. (28)

This equation is much easier to solve than the un-
transformed equations, but closed form solutions can
be obtained only for certain values of W. In order not
to lose generality, we solve it using a finite difference
scheme. The spatial derivative is approximated by a
second-order-accurate central difference expression,
while the time derivative is either approximated by
a first-order finite difference expression or by a
Runge-Kutta scheme. One of the grid pointsis located
at the singularity for the case |W| > 1.

Now the problem is reduced to solving for Z; as a
function of n; and {. Equation (23) becomes

0z, Z,

o Pt i=1,2 (29)

Fic. 2(a). W = 1.0.

Fi1G. 2(b). W = 2.0.
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Fi1G. 2(c) W =10.0. Fi1G. 2(d). W = 1000 and X = 1.

Fic. 2. Computed flow patterns in the drop phase and the continuous phase for several values of W. Numbers show values of
the dimensionless stream function, v,;/VR>2.

with
Zi(n,00=0, Z,(n,,0) =1 (30)
Z(%,0) =0, Zy-x, =1 (31
and
KZ,0,0) =Z,0,0),
K’%%(O, )= aa—jf(O, 0 32)

This equation is solved in Carslaw and Jaeger [10], viz.

|4

2J[¢]

erfc

erfc (33)

Z =
' K+K'

[

|’72|

2J1¢l

Z,=1

- 34
K+K' 4

with
= (Pe’)! 2 sin 6 (W cos 0 — 1)¢,

Some examples of dimensionless temperature or con-
centration profiles are shown in Fig. 3.

HMT 25:7 - |

For larger times, { approaches a ‘quasi-steady’ value.
Thus

{s=LWsin* 6 + cosd

— Lcos® @ + £ for positive W. (35)

Similar expressions can be obtained if from the
beginning we drop the temporal term in the energy
equation. Equation (35) shows clearly the role of the
parameter W as a weighting factor for the relative
importance of the effects of the electric field and
gravity. The result for negative W* is obtained in the
same way.

Heat transfer

Since the analysis for mass transfer is essentially the
same as that for heat transfer, we concentrate here on
the latter. The results hold for the case of mass transfer
if suitable substitutions are made.

* For negative W equation (35) becomes

(e =2Wsin*6 + cosf — Scos® 0 — % (35a)
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FiG. 3. Quasi-steady radial temperature or concentration
profiles. (a) Pe = 105, W = 2,X = |, K = 1,K' = 2,k,/k, =
2,(b)Pe =10, W =2, X = LK = 1,K = 2,Kk,/k; = 2.

The local heat flux at the interface is

k(T -T,) /(P_e’) sin 6| W cos 0 — 1|
1= "RA+ K Jl '

T
(36)

The local Nusselt number is correspondingly

2 Pe'\ sin? §|W cos 8 —1|
Nu, = —— —_ ) . (37
o 1+K//<n> N en

The total rate of heat transfer between the two
phases is

n

o) =2nR2J qsin 6do

0

with which the overall Nusselt number over the
interface is calculated to be

4 (Pe/m)'?
Nu= [:/—3‘———-———1 " K’ :l]

I V3 j” sin® @|W cos 6 —1|do
4 Jo Vgl
The grouping in the bracket of equation (38) is

identical to the steady state average Nusselt number of
Chao [2]. Thus

(38)

where
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F1G. 4. Ratio of transient Nusselt number at different values

of W to the corresponding quasi-steady Nusselt number for a

drop translating in a gravitational field only as a function of
modified dimensionless time.

Nu

— =1
Nuss.W:‘O

(39)
The integral I is evaluated by Gaussian quadrature.
The transient behavior of Nu for several values of W is
shown in Fig. 4. The line for W = 0 corresponds to
a drop translating in a gravitational field only. For all
values of W the curves approach the quasi-steady-state
values as t becomes large. In this analysis the
transient behavior is independent of Peclet number, as
long as the latter is large enough for the thin boundary
layer assumption to hold. All the curves coincide at
short times, a fact indicating the predominance of
conduction under these conditions [3]. The effect of
convective heat transfer becomes perceptible after a
certain contact time which depends on W. The Nusselt
number behavior for all values of | W| < 1 isessentially
the same. This is directly related to the observation
that the flow pattern remains essentially that of
Hadamard-Rybczynski as long as [W}is < 1.

30 . . -

2.5+

1..20F
SS

_ I
¢} 0.5 1.0 1.5 2.0 25 30 35 40

VWi

10 L L 1 I |

Fic. 5. Ratio of quasi-steady Nusselt number for a drop in

both electric and gravitational fields to the corresponding

value for a drop translating in a gravitational field only as a

function of /| W/|, which in turn is proportional to the electric
field strength.
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We may also calculate the overall quasi-steady
Nusselt number. We have

4 (Pe'/m)' 2

N, = J3It+K ¥
where
| _V3 J" sin® 6| W cos 6 — 1]|df
T4 VI
or
Mis 1, @0)
Nug w-o

I, is evaluated by either Gaussian quadrature or a
Runge—Kutta procedure and is plotted in Fig, 5. The
overall steady-state Nusselt number is independent of
the direction of flow, ie. I is identical for either a
positive or negative W of given magnitude. Since W is
proportional to E3, |W|'? is proportional to the
imposed electric field strength. It is seen that as |W/|
becomes large, 1, is linearly proportional to |W|'/% or
E,, which is the limiting case of Morrison [5]. As W
approaches zero, I, remains at unity and coincides
with the result of Chao [2] for the case of drop
translation in the absence of an electric field. It is
noteworthy that no significant enhancement of trans-
fer occurs until [W| is well above unity.

In Fig. 6, I is evaluated with the upper limit
replaced by an angle ranging from O to = to reveal the
contribution of different regions of the surface to the
total heat transfer rate. The relationship of these curves
to the internal and external circulatory patterns is
evident. For the cases of |W/| > 1, the double torus
circulation pattern exists, and the integration from O to
8 = cos™! (1/W) yields exactly half of (I, — 1). This
means that when a strong electric field enhances
convective heat transfer, each torus contributes equally
to the enhancement, regardless of their relative sizes.

DISCUSSION AND CONCLUSIONS

Experimental results of Thornton [7, 8] and Bailes
and Thornton [9] for mass transfer in electrified liquid
extraction units have been cited as evidence for the
significant transfer rate enhancements which could be
achieved by using electric fields. From such results it
might be speculated that a Taylor type of induced
internal circulation in the drops is responsible for the
observed enhancement. The results of the present
analysis now permits assessment of such speculations.
Although not all of the physical parameters of the
experimental systems were given explicitly, we were
able to calculate values of W for most of them. In no
case was W found to be greater than 1.0, and in most of
them it was very near to zero. We may thus conclude
that electrically induced internal circulation played no
role in the mass transfer enhancement observed. One
possible explanation may be related to the fact that in
the experiments, the drops bore a net electrical charge
and were thus drawn through the medium at higher
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velocity. The average drop size might also have been
reduced, increasing interfactal area. Finally, droplet
shape oscillation might have been a factor. Sufficient
data are not available to fully check these possibilities.
More recent studies [11, 12] have employed different
electric field geometries and fields changing with time,
but in neither case does it appear that observed
enhancements of mass transfer can be attributed to
changes in internal circulation.

It is possible to select a system with a high value of
W. For instance, benzonitrile and water under suitable
conditions constitute a system that yields a W as high
as several hundred for a drop of 2 mm dia. under an
electric field of a few hundred kVm™'. Even under
these conditions, however, it is not possible to ignore
other effects. Field strengths higher than the above
generally lead to drop bursting or in any event are
impractical in view of energy consumption consider-
ations. Taylor’s original assumptions require that the
drop phase have a small electrical relaxation time,
defined as co, such that the surface charge distribution
is established instantaneously, and that the continuous
phase have a large relaxation time in order to minimize
charge leakage. On the other hand, we know from
equation (4) that W will be large if 0, « 0, or ¢, is
large, both of which contradict these criteria. From a
practical point of view, it is also required that o, be
large in order to minimize energy consumption. These
considerations suggest that under usual practical
conditions, it is unlikely that electric circulation can
play a significant role in enhancing mass or heat
transfer. Thus, although it has been shown by Mor-
rison [5] and Griffiths and Morrison [6] that the
electric circulation can greatly enhance the heat or
mass transfer to a stationary drop in an electric field,
this enhancement is not so likely in the more realistic
situation in which the drop is also moving in a
gravitational field.

It is important to note that we have considered only
the case of an electric field parallel to translation. A

T T T T / T -
{.4r W’io /'
12k rF .
/
i ‘ 2
1 OF ’ /
/ ,/
08 B
I Ry o/
o8k // e
o4l )
0.2 i B
o
L
00 0.5 1.0 1.5 20 2?5 310

6 (radian)

F1G. 6. Total heat transfer over successive regions of the drop
surface for various values of W showing the effect of
electrically-induced internal circulation
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field perpendicular to translation, for example, may
have markedly different effect. This case will be exam-
ined in a later note.
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TRANSFERT DE CHALEUR ET DE MASSE A UNE GOUTTE EN TRANSLATION DANS UN
CHAMP ELECTRIQUE

Résumé—L’échange de chaleur et de masse transitoire et quasi-statique entre une goutte en translation et
son environnement, dans un champ électrique uniforme, est étudié dans le cas de nombre de Reynolds faibles
et de nombres élevés de Péclet. L'équation d'énergie ou de diffusion pour le cas de couches limites minces
thermique ou massique est résolue par une transformation en similitude et des schémas numériques, et on
obtient des résultats sur le transfert de chaleur et de masse. On dégage un paramétre W qui caractérise
I'importance relative des effets électriques et gravitationnels. On trouve que seulement lorsque la valeur
absolue de W est plus grande que I'unité, le champ électrique imposé augmente le transfert. On discute la
relation entre la configuration de I'écoulement et le transfert.

WARME- UND STOFFUBERTRAGUNG AN EINEN BEWEGTEN TROPFEN IM
ELEKTRISCHEN FELD

Zussamenfassung—Der instationdre und quasi-stationdre Warme- und Stoffaustausch zwischen einem
bewegten Tropfen und seiner Umgebung in einem gleichformigen elektrischen Feld wurde fiir den Fali
kleiner Reynolds- und hoher Peclet-Zahlen untersucht. Die Energie- bzw. Diffusionsgleichung wurde fiir den
Fall einer diinnen thermischen bzw. Diffusions-Grenzschicht durch Ahnlichkeitstransformation und
numerische Methoden geldst, und es wurden Ergebnisse fiir den Warme- bzw. Stoffiibergang erhalten. Ein
Parameter W, der den relativen Einfluf von elektrischen und Schwerkrafteffekten charakterisiert, wurde
ermittelt. Es wurde gefunden, daB die Transportrate nur dann durch das aufgeprigte elektrische Feld erhéht
wird, wenn der absolute Wert von W groBer als eins ist. Der Zusammenhang zwischen den Strémungszustén-
den und der Transportrate wird diskutiert.

TEIJIO- U MACCOMNEPEHOC K KAIJE, MEPEMEIWAIOMENCS B 3JEKTPUYECKOM
[MOJIE

Axnoranms — MccnenoBaH HeCcTallMOHApHBLIH M KBA3IUCTALIMOHAPHBIA TEmWIO- M MacCOOOMEH MeXAy
nepeMellalolieiics Kanaed ¥ okpyxkalolleil Cpeoi B OIHOPOOHOM 3JIEKTPHYECKOM IOJIE MPH MaJlblX
3HaYeHHAX uncna PeHiHonbaca u Gosbiumx uyucnax Ileksne. Ha ocHoBe Teopuu nomoGus 4HCIIEHHO
PCLIEHO ypaBHEHHE JRepPrud H I PYy3MOHHOE YyPaBHEHHE IJIA CJy4asi TOHKMX COOTBETCTBEHHO TEIUIO-
Boro W AMGPY3INOHHOTO TNOrpaHCIOEB M NOJYYEHbl OaHHbIE AR TemwIoBoro W Aupy3HOHHOTO
noTokoB. Beenen napamerp W, xapaxTepH3yrollMii COOTHOUICHHE 3NEKTPHYECKHX M FPABHTALMOHHBIX
CHJI. YCTaHOBIIEHO, YTO BHEIIHEE 3JIEKTPHYECKOE N0Jie HHTEHCHPHUMPYET NepeHoc Toabko s | W > 1.
PaccMoTpeHa cBA3b CTPYKTYPBI TOTOKA H CKOPOCTH NEPEHOCA.



